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Idea of the A-Translation

proves -
M JA =%A—->1)—> 1
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Idea of the A-Translation

proves

M A =V(A—=1)— 1L
proves ? Vi(A— 3 A) — 3LA

M[L := 3, A]

—_——
Induction axiom of 3
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Idea of the A-Translation

proves

M A =V(A—=1)— 1L
roves 7 (A IA IA
ML == 3,A P HA=FA) =
Induction axiom of 3
Weakness:

@ | can be part of A.

@ There may be some assumptions about L in M.
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Idea of the refined A-Translation

The refined A-Translation makes the A-Translation formal.
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Idea of the refined A-Translation

The refined A-Translation makes the A-Translation formal.

e L is only a predicate symbol, and AB := A[L := B]
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Idea of the refined A-Translation

The refined A-Translation makes the A-Translation formal.

e L is only a predicate symbol, and AB := A[L := B]
@ The falsum F is defined by tt = ff, and the only axiom about L is F — L.
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Idea of the refined A-Translation

The refined A-Translation makes the A-Translation formal.

e L is only a predicate symbol, and AB := A[L := B]
@ The falsum F is defined by tt = ff, and the only axiom about L is F — L.

o Define formula classes D, G with DF — D and G — (GF — 1) — L for all D € D and
Ged.
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Idea of the refined A-Translation

The refined A-Translation makes the A-Translation formal.

e L is only a predicate symbol, and AB := A[L := B]

@ The falsum F is defined by tt = ff, and the only axiom about L is F — L.

o Define formula classes D, G with DF — D and G — (GF — 1) — L for all D € D and
Ged.

o Then D — V(G — 1) — L implies DF — 3, GF.
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A negative fragment NA“ of HA®
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A negative fragment NA“ of HA®

Definition (Types and Terms in NA*, MA”, HA® and PA®)

We fix an infinite set of type variables denoted by &, (. Types are syntactically defined by

Tp =& BIN|L(r) [T = p |7 xp.
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A negative fragment NA“ of HA®

Definition (Types and Terms in NA“, MA“, HA* and PA®)

We fix an infinite set of type variables denoted by &, (. Types are syntactically defined by
Tp =8| B|N[L(r) [T —=p|Txp.

For each type 7 we fix a countable set of object variables denoted by x7, y™, z7. Furthermore,
we have the usual typed constructors and destructors such as tt, ff, Cases” 0, S, nil, - =i -,
‘R, and so on.
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A negative fragment NA“ of HA®

Definition (Types and Terms in NA“, MA“, HA* and PA®)
We fix an infinite set of type variables denoted by &, (. Types are syntactically defined by

rpi=E|BIN|L(r) |7 = p|7xp.

For each type 7 we fix a countable set of object variables denoted by x7, y™, z7. Furthermore,
we have the usual typed constructors and destructors such as tt, ff, Cases” 0, S, nil, - =i -,
R7, and so on. Typed terms are then defined recursively by the following rules:

@ Each object variable, constructor and destructor is a term with its type given above.
e If t: 7 — pand s: T are terms, then also ts : p is a term.

@ If x : 7 is an object variable and t : p is a term, then A\t : 7 — p is a term.

We denote the set of all terms by Term.
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A negative fragment NA“ of HA®

Definition (Formulas)
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A negative fragment NA“ of HA®

Definition (Formulas)

Formulas in NA® are defined by:
@ For each boolean term t : B the atomic formula at(t) is a formula.
@ If A and B are formulas, then so are A — B and AN B.
o If Ais a formula and x is an object variable, then VA is a formula.
Abbreviations: T := at(tt), F := at(ff), ~A:= A — F.
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A negative fragment NA“ of HA®

Definition (Formulas)

Formulas in NA® are defined by:
@ For each boolean term t : B the atomic formula at(t) is a formula.
@ If A and B are formulas, then so are A — B and AN B.
o If Ais a formula and x is an object variable, then VA is a formula.

Abbreviations: T := at(tt), F := at(ff), ~A:= A — F.

To define formulas in MA® we fix a new symbol L and add the clause that L is also a formula.
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A negative fragment NA“ of HA®

Definition (Formulas)
Formulas in NA® are defined by:
@ For each boolean term t : B the atomic formula at(t) is a formula.
@ If A and B are formulas, then so are A — B and AN B.
o If Ais a formula and x is an object variable, then VA is a formula.
Abbreviations: T := at(tt), F := at(ff), ~A:= A — F.
To define formulas in MA® we fix a new symbol L and add the clause that L is also a formula.

To define formulas in HA® and PA¥ we add the following rules to NA¥:
o If A and B are formulas, then so is AV B.

o If Ais a formula and x is an object variable, then 9, A is a formula.

For XA“ € {NA* MA¥ HA“ PA“} we denote the sets of all formulas in XA® by Formyae.

Franziskus Wiesnet (TU Wien) Limits in the Refined A-Translation July 17, 2026



A negative fragment NA“ of HA®

Definition (Proofs)
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A negative fragment NA“ of HA®

Definition (Proofs)

We have the usual axioms in NA“ such as Truth : T, C2A : V(A(tt) — A(ff) — A(b)) and so
on, together with the usual clauses for —,V and A
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A negative fragment NA“ of HA®

Definition (Proofs)

We have the usual axioms in NA“ such as Truth : T, C2A : V(A(tt) — A(ff) — A(b)) and so
on, together with the usual clauses for —,V and A

To define proofs in MA“ we add the axiom
1t :F— L.

To define proofs in HA“ we take the axioms and rules of NA¥ and add axioms for V and 4.
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A negative fragment NA“ of HA®

Definition (Proofs)

We have the usual axioms in NA“ such as Truth : T, C2A : V(A(tt) — A(ff) — A(b)) and so
on, together with the usual clauses for —,V and A

To define proofs in MA“ we add the axiom
1t :F— L.
To define proofs in HA“ we take the axioms and rules of NA¥ and add axioms for V and 4.

The theory PA“ is then HAY together with the law of excluded middle

lem: AV —A.
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Useful Lemmas
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Useful Lemmas

Lemma (Ex-falso)

For XA“ € {NA“  MA¥ HA¥ PA“} and any formula A € Formxa«, F — A is provable in XA“.
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Useful Lemmas

Lemma (Ex-falso)

For XA“ € {NA“  MA¥ HA¥ PA“} and any formula A € Formxa«, F — A is provable in XA“.

For XA® € {HA“, MA¥ NA“}, let S € Formya~ and A € Formyaw~ and assume that A is
provable in MA® then there is a proof of A° := A[L := S] in XA,
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Godel-Gentzen translation

Definition
For any formula A € Formpa~ we define its Godel-Gentzen translation A™ recursively by:

P77 := —=P for atomic P
(AoB) "7 :=A"0B"" foroe€—, A
(VxA) 7 =V AT,
(AVB) " i===(-A" A-BTT),
(IxA) 7T = VAT,

Let A be any statement in Peano arithmetic, then

PA“FA <<= NA*FAT.
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Definite, Goal, Relevant and Irrelevant Formulas

Definition (Version by Schwichtenberg and Wainer, without A)
We define the classes D, G, R,Z C MAY simultaneously as follows:

R,P,I — D,¥V.D € D
IL1L,R— G, Dy— Geg
1,6 RYV\RER
P,D — I,V €T,

where P is atomic, D € D,G € G,R € R,| € Z and Dy € D and quantifier-free.

Note that the new version is more complex to describe and therefore not given here.
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Definite, Goal, Relevant and Irrelevant Formulas

ForDe D, Ge G, ReR and | € I there are derivations of
DF - D
G (GF=1)= 1L
((RF—>F)—>J_)—>R

| — IF
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Let D, G € Formpa~ be a formulas such that
MA® |- DF — D, and MA® |V, (G — (GF — 1) — 1).

Assume moreover MA® = D — V(G — L) — L. Then

HAY - DF — 3, GF.
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Let D, G € Formpa~ be a formulas such that
MA® |- DF — D, and MA® |V, (G — (GF — 1) — 1).

Assume moreover MA* = D — V(G — L) — L. Then

HAY - DF — 3, GF.

Theorem (Refined A-Translation)

Let D € D and G € G be given with MAY + D — V(G — L) — L. Then

HAY - DF — 3, GF.
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Open problem
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Open problem

Do the classes D, R, G, and Z contain all formulas with the properties from the lemma above?
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Open problem

Do the classes D, R, G, and Z contain all formulas with the properties from the lemma above?
Answer: No. Let A be any prime formula not in {L, F}. We define

S =Vy(—A— A)
T =VA—1)— L.

Then MA* (S = T)F - (S—=T), but S = T ¢ D.
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Open problem

Do the classes D, R, G, and Z contain all formulas with the properties from the lemma above?
Answer: No. Let A be any prime formula not in {L, F}. We define

S =Vy(—A— A)
T =VA—1)— L.

Then MA* (S = T)F - (S—=T), but S = T ¢ D.

Open problem: Find a useful characterization of the class of formulas such that
MA® + DF — D.
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Solution to the open problem

There is no recursive characterization for any of the formula classes

{D € Formya« | MA¥ - DF — D}, {G € Formyae | MAY - G — (GF — 1) — 1},
{R € Formya« | MA“  ((RF = F) = 1) = R}, {/ € Formyas | MA® [ — [F}.
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Solution to the open problem

As an example, we show that MA” - G — (GF — 1) — L is not recursively decidable.
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Solution to the open problem

As an example, we show that MA” - G — (GF — 1) — L is not recursively decidable.

Let A € Formya~ and define G := A — L.
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Solution to the open problem

As an example, we show that MA” - G — (GF — 1) — L is not recursively decidable.

Let A € Formya~ and define G := A — 1. Then MA“ - G — (GF — 1) — L, which is
MA“ F(A— 1) — (-A— L) — L, and is equivalent to HAY - AV —A (!).
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Solution to the open problem

As an example, we show that MA” - G — (GF — 1) — L is not recursively decidable.

Let A € Formya~ and define G := A — 1. Then MA“ - G — (GF — 1) — L, which is
MA“ F(A— 1) — (-A— L) — L, and is equivalent to HAY - AV —A (!).
Hence it suffices to show that HA* = AV —A is not decidable for any A € Formpaw.
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Solution to the open problem

As an example, we show that MA” - G — (GF — 1) — L is not recursively decidable.

Let A € Formya~ and define G := A — 1. Then MA“ - G — (GF — 1) — L, which is
MA“ F(A— 1) — (-A— L) — L, and is equivalent to HAY - AV —A (!).

Hence it suffices to show that HA* = AV —A is not decidable for any A € Formpaw.
Assume this were the case. Let a Turing machine T be given and take A € Form such that
PA“ - A < T terminates. (!1).
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Solution to the open problem

As an example, we show that MA” - G — (GF — 1) — L is not recursively decidable.

Let A € Formya~ and define G := A — 1. Then MA“ - G — (GF — 1) — L, which is
MA“ F(A— 1) — (-A— L) — L, and is equivalent to HAY - AV —A (!).

Hence it suffices to show that HA* = AV —A is not decidable for any A € Formpaw.
Assume this were the case. Let a Turing machine T be given and take A € Form such that
PA“ - A < T terminates. (!1).

By the Godel-Gentzen translation we have A € Formya~ with NAY = A < T terminates.
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Solution to the open problem

As an example, we show that MA” - G — (GF — 1) — L is not recursively decidable.

Let A € Formya~ and define G := A — 1. Then MA“ - G — (GF — 1) — L, which is
MA® + (A— 1) - (-A— 1) — L, and is equivalent to HA* - AV —A (!).

Hence it suffices to show that HA* = AV —A is not decidable for any A € Formpaw.
Assume this were the case. Let a Turing machine T be given and take A € Form such that
PA“ - A < T terminates. (!1).

By the Godel-Gentzen translation we have A € Formya~ with NAY = A & T terminates. By
assumption HA® - AV —A is decidable, i.e. HA* - AV =A or HA* I/ AV —A.
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Solution to the open problem

As an example, we show that MA” - G — (GF — 1) — L is not recursively decidable.

Let A € Formya~ and define G := A — 1. Then MA“ - G — (GF — 1) — L, which is

MA® + (A— 1) - (-A— 1) — L, and is equivalent to HA* - AV —A (!).

Hence it suffices to show that HA* = AV —A is not decidable for any A € Formpaw.

Assume this were the case. Let a Turing machine T be given and take A € Form such that
PA“ - A < T terminates. (!1).

By the Godel-Gentzen translation we have A € Formya~ with NAY = A & T terminates. By
assumption HA* - AV —A is decidable, i.e. HA* - AV —A or HA® I/ AV —A. If the first case
holds, we get either HAY - A or HA“ F —A by the disjunction property.
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Solution to the open problem

As an example, we show that MA” - G — (GF — 1) — L is not recursively decidable.

Let A € Formya~ and define G := A — 1. Then MA“ - G — (GF — 1) — L, which is

MA® + (A— 1) - (-A— 1) — L, and is equivalent to HA* - AV —A (!).

Hence it suffices to show that HA* = AV —A is not decidable for any A € Formpaw.

Assume this were the case. Let a Turing machine T be given and take A € Form such that
PA“ - A < T terminates. (!1).

By the Godel-Gentzen translation we have A € Formya~ with NAY = A & T terminates. By
assumption HA* - AV —A is decidable, i.e. HA* - AV —A or HA® I/ AV —A. If the first case
holds, we get either HA = A or HA“ = —=A by the disjunction property. If the second case
holds, then HA® I/ A follows, as HA“ = A implies HAY - AV —A.
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Solution to the open problem

As an example, we show that MA” - G — (GF — 1) — L is not recursively decidable.

Let A € Formya~ and define G := A — 1. Then MA“ - G — (GF — 1) — L, which is

MA® + (A— 1) - (-A— 1) — L, and is equivalent to HA* - AV —A (!).

Hence it suffices to show that HA* = AV —A is not decidable for any A € Formpaw.

Assume this were the case. Let a Turing machine T be given and take A € Form such that
PA“ - A < T terminates. (!1).

By the Godel-Gentzen translation we have A € Formya~ with NAY = A & T terminates. By
assumption HA* - AV —A is decidable, i.e. HA* - AV —A or HA® I/ AV —A. If the first case
holds, we get either HA = A or HA“ = —=A by the disjunction property. If the second case
holds, then HA® I A follows, as HA“ = A implies HAY = AV —A. Hence an algorithm to
decide HA“ = AV —A would lead to an algorithm that decides whether a given TM
terminates. L
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New open problem

Recall: Let A be any prime formula not in {_L,F}. We define

S =V(——A—=A)
T:=(VA—1)— L.

Then MA“ (S - T)F = (S = T),but S = T ¢ D.
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New open problem

Recall: Let A be any prime formula not in {_L,F}. We define

S =V(——A—=A)
T:=(VA—1)— L.

Then MA“ (S - T)F = (S = T),but S = T ¢ D.

Therefore one could add all formulas of the form S — T to D.
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New open problem

Recall: Let A be any prime formula not in {_L,F}. We define

S =V(——A—=A)
T:=(VA—1)— L.
Then MA“ (S - T)F = (S = T),but S = T ¢ D.

Therefore one could add all formulas of the form S — T to D.
But there is currently no known practical application for such formulas.
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New open problem

Recall: Let A be any prime formula not in {_L,F}. We define

S =V(——A—=A)

T:=(VA—1)— L.
Then MA“ (S - T)F = (S = T),but S = T ¢ D.
Therefore one could add all formulas of the form S — T to D.

But there is currently no known practical application for such formulas.

New open question: Find a practical application of the refined A-Translation, with a proper
extension of the classes D, G, R and Z.
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Thank you!
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