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Material Interpretation

General Concept

Given a possibly classical proof of a statement of the form A — B.

Goal: A proof for a statement =AV B, where =A is a constructively
stronger form of the negation of A.

A and B may also be slightly modified. However, the statement and the
proof should remain as close as possible to their original form.
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Case Study

A Classical Definition

Definition
Let R be a ring. An IDEAL | C R is a subset with the following
properties:

> 0cl
» abel —va+bel
> e Rael = Xael

We say that an ideal M C R is a MAXIMAL if for all ideal / C R with
M C | we either have | = M or [ = R.

Classically equivalent: M # R and for all a € R\ M there is A € R with
Aa—1leM.
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Case Study

A Classical Proof

Theorem
Let M C Z[X] be a maximal ideal. Then, there exists a prime number p
with p € M.

Proof.
There is some non-constant f € M: Either X € M, or X ¢ M and there
is some g € Z[X] with gX —1 € M as M is maximal.

Let d be the leading coefficient of f. Assume there is no prime number p
with p € M. As a maximal ideal is also a prime ideal, M NZ = {0}.
Hence the canonical homomorphism Z — Z[X]/M is injective into the
field Z[X]/M and induces a ring extension Z[d 1] — Z[X]/M. This is an
integral ring extension with the integral polynomial d=1f. As Z[X]/M
is a field, also Z[d~!] must be a field, which is impossible. O
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Case Study

An Explicit Definition

That M is a maximal ideal was used in the proof as follows: If f ¢ M,
then there exists a g € Z[X] such that fg — 1 € M.

Furthermore, we used case distinction on membership in M. Strictly
speaking, M was not treated as a set, but rather as a total function from
Z[X] to B = {0,1}.
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Case Study

An Explicit Definition

Definition

Let R be a ring. For a boolean valued function M : R — B and a
function v : R — R, we say that (M, v) is an EXPLICIT MAXIMAL IDEAL
if Mis anideal, 1 ¢ M and av(a) —1€ M forallac R\ M.

Furthermore, we say that there is EVIDENCE THAT (M, ) IS NOT AN
EXPLICIT MAXIMAL IDEAL if one of the following cases holds:

> 0¢ M,

> there are a,b € M with a+ b ¢ M,

» there are A € R and a € M with \a ¢ M,
> 1eM,or

> thereis a € R\ M with av(a) — 1 ¢ M.
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Case Study

Constructive Theorem

Theorem
Let M : Z[X] — B and v : Z[X] — Z|X] be given. Then, either there
exists a prime number p € M, or there is evidence that (M,v) is not an
explicit maximal ideal in Z[X].
For this presentation we only show:
There is some non-constant f € M or there is evidence that
(M, v) is not an explicit maximal object.

If X € M, we are done. Otherwise X ¢ M and either Xv(X)—1€ M or
there is evidence that (M, v) is not an explicit maximal ideal. Either
Xv(X) —1is non constant, or v(X) = 0 and therefore —1 € M. Either
1€ Mor (—1)-(—1) ¢ M. In both cases, there is evidence that (M, v)
is not an explicit maximal ideal.
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Case Study

Remarks

> A few “non-constructive” principles remain. In particular, we
implicitly assumed that membership in M is decidable by writing
M : Z[X] — B and not M C Z[X].
That this assumption was necessary is also evident from the classical
proof, which made a case distinction based on membership in M.

» The definition of an explicit maximal ideal is also derived from the
classical proof, since we also needed an element g with gX —1 € M
there.

» Instead of applying Modus Ponens, there is often a case distinction
if a certain element is in M or not.




Future Application

Hilbert's 17th Problem

Theorem (Hilbert's 17th Problem)

Let f € Q[Xy,...,X,] be given with f(X) > 0 for all X € Q". Then f is a
sum of squares in Q(Xi, ..., X,).

The problem was classically solved in 1927 by Emil Artin[1] using several
lemmas, including Sturm'’s theorem and the Artin-Schreier Theorem[2]:
Theorem (Artin-Schreier Theorem)

Let K be an field, then

n
(J{U S K| U is an order of K} = {Zx,?

i=0

neN, xo,...,x,,EK}.

Hilbert's 17th Problem was constructively considered by Charles N.
Delzell in 1984 [3].
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Future Application

Zariski's Lemma and Hilbert's Nullstellensatz

Theorem (Zariski's Lemma)

Let K be a field and R an K-algebra, which is also a field. Suppose that
R = K][x1,...,xn] for some x1,...,x, € R. Then R is algebraic over K,
i.e. there are non-zero fi, ..., f, € K[X] such that fi(x;) = 0 for all i.

This theorem could also be used to prove the statement in the case study
above. In 1947 Zariski used it to prove Hilbert's Nullstellensatz [5].

Theorem (Hilbert's Nullstellensatz)

Let K be an a/g_gbraica//y closed field, X = Xi,...,X, and .
fi,..., fm € K[X] be given. Then, either there are g1, ...,8m € K[X]
with gifi + -+ + gnfm = 1 or there are x1,...,x, € K with
fi(x1,...,%,) =0 forall i.

An algorithmic version of Zariski’'s Lemma was already developed, which
can be used to develop a material interpretation of Zariski's Lemma [4].
This can lead to a material interpretation of Hilbert's Nullstellensatz.
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Thank youl!

Questions are welcome.
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